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Annotated Content 

§1 More on abelian groups 

[We say more on some classes of abelian groups. We get existence and 
non-existence results for the existence in cardinals like D w we use a general 
criterion for existence.] 

§2 Groups 

[We prove that the class of groups is amenable and has the oak property 
(see [DjSh 710]).] 

§3 On the oak property 

[We continue [DjSh 710].] 
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§0 Introduction 

On the existence of universal see Kojman Shelah [KjSh 409] and history there; 
([KoSh 492]). 

Now §1 deals with abelian groups (a case removed from [Sh 622] as it was too 
long; the second section deals with the class of groups continue Osvyatsov and 
Shelah [ShUs 789]); the third deals with the oak property continuing Dzamonja 
and Shelah [DjSh 710], dealing with the case of singular cardinals and later on 
abelian groups. 
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§1 More on abelian groups 

This section originally was part of [Sh 622] (which continues [Sh 552]); earlier 
Kojman Shelah [KjSh 455] and [Sh 456], but as the paper was too long, it was 
delayed. 

For me high in visibility is say 3^. There are related positive (= existence) results; 
see 

(a) [Sh 26, Th. 3.1, p. 266], where it is proved that: 
if A is strong limit singular, then 

{G : G a graph with < A nodes each of valency < A} has a universal 
member under embedding onto induced subgraphs 

(b) by Grossberg Shelah [GrSh 174] similar results hold for quite general classes 
(e.g. locally finite groups) if A is strong limit, of cofinality K and is above 
a compact cardinal (which is quite large). 

More specifically, if \i is strong limit of cofinality Kq above a compact cardinal k 
and, e.g., the class & is the class of models of r C L KjW , \T\ < /j, under -<l k , u ,&, 
then we can split & to < 2l T l^ classes each has a universal in \i. Claim 1.7 below 
continues this. 

Improving [Sh 552, 7.5]: 

1.1 Claim. Assume^ < A = cf(A) < and A* C w x, \A*\ < \i and\Jjo^ A *(\) < 
/ u N ° . Then in there is no universal member where: 

(a) is the class of (T, <), trees with u> + 1 levels 

(b) embeddings preserve t <t s, -i(t <t s) and levj-(x) = a (for a < ui) 

(c) = {B C w x '■ f or some m, k we have (\/rj E m x)(3- fc p)(?y < p £ B)} 

(d) Uj(A) = Min{\^\ : is a family of functions from Dom(J) into A such 
that for any function g from Dom(J) to A for some f G ^ the set {t e 
Dom(J) : f (t) = g(t)} ^ mod(J)}, see [Sh:E12]. 

Inspite all cases dealt with in [Sh 552], there are still "missing" cardinals (see 
discussion in [Sh 622, §0]). Concerning A singular 2 N ° < p + < A < fj*° , by [Sh 
622, 2.7t,3.12t], [Sh:g] indicates that at least for most such cardinals there is no 
universal: as if x G (/U + , A) is regular, then cov(A, x + , x + , x) < A^'S ( see [KjSh 455] 
on such proofs). 

Let us mention concerning Case 1 (see from [Sh 622, §0]). 
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1.2 Observation. 1) If A = A N ° then in the class (^ A tf , < pr ), defined below there is 
a universal one, in fact it is homogeneous universal. 

2) If A = ^ A n , A n = (A n ) N ° then in (.ft A tf , < pr ) there is a universal member (the 

parallel of special models for first order theories). (See Fuchs [Fu] on such abelian 
groups). 

3) Similar results hold for Rf^, i = (tg : I < u>), 2 < tg < u- 
Recalling 

1.3 Definition. 1) £ A tf is the class of torsion free abelian groups of cardinality A 
(<pr means pure subgroup). 

2) &f { x is the class of 67 G & A tf such that there is no x G G\{0} divisible by tg 

e<k 

for each k < to (where t = {tg : £ < uj), 2 < tg < uj. 

3) For G G &f { x let 67^ be the <if-completion where di = di[G] is the metric defined 

by dt{x — y) = inf{2 _fc : Y\ tg divides x — y in 67} . 

Kk 



Proof. 1), 2) Follows from 3) with tg = £\ 
3) The point is 

(a) for G G Kf f , G < pr G® G Kf f and G® has cardinality < ||G|| K() 
and G^ is (if-complete, remember 67 ^ is the <if-completion of 67, 
it is unique up to isomorphism over G. 
Let £f rtf is the class of ^-complete G G Rf f . 

(6) If (67 a : a < uj) is < pr -increasing sequence in &f tl , then for some 
G', n < u ^ G n < pr 6' < pr 67a,, 6' is the <if-completion of [J 6 n 

(c) (^| rtf , < pr ) has amalgamation and the Lowenheim-Skolem property down 
to A for any A = A N ° 

(d) for each G G -£f r A f , we can find ((Gi,Xi) : i < A N °) such that: 

(i) 6< pr G,,^GG,G^ f 

(ii) if G < pr G',x G 67' then we can find i < A N ° and a pure embedding h 
of 67' into Gi<~)i,h \ 67 = the identity, /i(x) = (and h"(Gi) < pr 6). 



The result now follows. 



□l.2 
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(See more in [Sh 300, Ch.II,§3]). This holds also for &™ (p) . 

We may wonder whether the existence result of 1.2 holds for a stronger embed- 
dability notion. A natural candidate is 

1.4 Definition. Let Go <t G\ if: Go, G\ are abelian groups on which || — ||j is a 
norm, Go < pr G\ and Go is a <if-closed subset of G\. 



We prove below that for the cases we are looking at, the answer is positive, but 
cardinals like < (n^)** remains open. 

1.5 Fact. 1) If A is strong limit, Ko = cf(A) < A, then there is a universal member 
in <i) where i = (te : £ < u>), 2 < U < oj. 

2) The same holds for (& r ^ p \ <{ p: e <UJ )) where 

1.6 Definition. & r ^ p ^ is the class of abelian p-groups which are reduced and sep- 
arable. 

Proof. Let A n < A n+ i < A = Yl and 2 A ™ < A n+ i. The idea in both cases is to 
analyze M e K\ as the union of increasing chain (M n : n < u), M n -<h + + M, 



M, 



n 



= 2 A »,A n < A. 



Case 1 : (^- rf , < f ). 



Specifically, we shall apply 1.7, 1.9 below with: 



rtf 



fin = 



(2 A ")+ 



<i=< is : Mi <i M 2 iff (M 1 , M 2 E & and) 

Mi <i M 2 



< 2 is : Mi < 2 M 2 iff Mi < x M 2 and 



Mt ^l N1iN2 M 2 , or just : 

if Gi C Mi,Gi C G 2 C M 2 , 

and G 2 is countable then there is an 

embedding h of G 2 into Mi over Gi. 
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We should check the conditions in 1.7 which we postpone. 

Case 2 : (£ rs ^, < {p:e<uj) ) so t = (p : £ < uj). 
We let 

£ = £ rs (p) 

<i=< is Mi <i M 2 iff (Mi, M 2 G £ rs(p) , Mi < pr M 2 and) M 1 < t - M 2 

< 2 as in Case 1. 

We shall finish the proof below. 

1.7 Claim. Assume 

(a) A is a class of models of a fixed vocabulary close under isomorphism, 

(b) A = [i n , [i n < /i n+ i,2^ n < ^ n+ i,/i n is regular and the vocabulary of & 

n<ui 

has cardinality < fxo- 

(c) <i is a partial order on (so M <\ M) preserved under isomorphisms, 
and if {Mi : i < 5) is <\-increasing and continuous then Ms = Mj G ^ 

i<5 

and i < 5 M { <i M 5 . 

(d) <2 is a two-place relation on preserved under isomorphisms such that: 
if M E &\ then we can find (M n : n < uj) such that: M n G ^ <(Jll , M n < 2 
M n+ i and M = [J M n 

M<uj 

(e) //Mo G £ <At „,M <i Mi G Si^+^N 1 < 2 iV 2 G i^^,/* 1 an isomor- 
phism from N 1 onto Mo, then we can find M G sitc/i that M\ <i M 
and t/iere is an embedding h 2 of N 2 into M extending h 1 satisfying 
h(N) <! M. 

Then we can find (M% : n < uj) for a < 2 </i0 such that: 
(a) M% G £< M „, M« <i M« +1 , M« = |J M* 

n<cj 

(/?) if M E &\ and the sequence (M n : n < uj) is as in clause (d) then for some 
a < 2 <MQ we can find an embedding h of M into M^ such that h(M n ) <i 
M a 
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Proof. Let 

&' = [M :M G ^ has universe an ordinal 

< fj,Q, and there is (M n : n < ui) as in clause (c) 
with M = M). 

Clearly K' Q has cardinality < 2 <At °, and let us list it as (Mq* : a < a*) with 
a* < 2 <Mo . We now choose, for each a < a*, by induction onn<w, M" such that: 

(i) M" G ^ has universe an ordinal < fx n 
(ii) M% <! M« +1 

(Hi) if < 2 A^ 2 , iV 1 G K <tln ,N 2 G ^< At „ +1 ,/i 1 is an embedding of iV 1 into 
M« +1 satisfying ^(AT 1 ) < x M£ +1 then we can find /i 2 an embedding of A^ 2 
into M« +2 extending /i 1 such that h 2 (N 2 ) <i M^ +2 . 

For n = 1 we do not have much to do. (Use Mq or Mi if (M n : n < 10) is 
as in clause (c), M = M a and use Mf such that (Mi,M ) = (Mf,M a )). For 
n + l, let {(h\ x , iV 1 f , A" 2 C ) : C < C) where C < 2 < * i "+ 1 list the cases of clause 
(iii) that need to be taken care of, with the set of elements of A" 2 , being an 
ordinal. Choose {N n+ i^ : ( < £*) which is <i-increasing continuous satisfying 
A" n+ i )C G & <Al „ +2 . We choose A" n+1 ,( by induction on (. Let AT n+1)0 = N n+1 , for 

C limit let AT n+1 ^ = [^J N n+ i^ and use clause (b). 

Lastly, for £ — £+1 use clause (d) of the assumption with h\ ^(N^ ^), N n+ i£, A" 2 ? , h} n 
here standing for M , Mi, N 1 , N 2 , h 1 , h 2 there. Di.r 

i.# Remark. 1) We can choose (Mq* : a < a*} just to represent £ , and similarly 
later (and so ignore the "with the universe being an ordinal"). 

2) Actually, the family of (M n : n < ui) as in clause (c) such that M n has set of 
elements an ordinal, forms a tree T with u levels with the n-th level having < 2 <At ™ 
members, and we can use some free amalgamations of it. This gives a variant of 
1.7. 

3) We can put into the axiomatization the stronger version of (d) from 1.7 proved 
in the proof of 1.5 so we can weaken ((3) of 1.9 below. 

4) E.g., in (d) we can add M n <* M and so weaken clause (f3) of 1.7. 

1.9 Conclusion. In 1.7 there is in &\ a universal member under <o-embedding if 
in addition 
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(a) for any < A (or just < 2 <Mo ) members we can find one member into 
which all of them are embeddable 



{p) if M n <i M n+1 ,M n <! N n , N n < 2 N n+1 andM n e K <fln+2 ,N n e K <fln+1 ,M = 



Proof. Easy. 

Continuation of the proof of 1.5 

We have to check the demands in 1.9 and 1.7. 

Case 1 : The least trivial clause to check is (d) 

Clause (d) : (non-symmetric amalgamation) 

Without loss of generality h\ = the identity, N 1 n M\ = Mq = No. Just take 
the free amalgamation M = N 1 *m Mi (in the variety of abelian groups) and note 
that naturally M 1 < 1 M. 

Case 2 : Similar. Di 5 



1.10 Discussion. 1) Can we in 1.7, 1.9 replace cf(A) = K , by cf(A) = 6 > K ? If 
increasing union of chains in K < \ behaves nicely then yes, with no real problem. 
More elaborately 

(i) in 1.7(c), we get (M s : e < 0) such that M £ G K <tl£ ,(M £ : e < 0) is 
C-increasing continuous, M e < 2 M e+ i, M = U{M e : e < 6) 

(ii) we add: if (Mi : i < 5) is <i-increasing continuous, Mi e K<\ and i < 5 =>- 
Mi <i N then M s <i N. 

Otherwise we seem to be lost. 

2) Suppose A = 2_] ^n, A n = (A n ) N ° < A n+ i, and \x < Aq, A < 2 M (i.e., Case 6b of 



[Sh 622]). Is there a universal member in (&} ^ < ^t)t 

Assume V |= "/i = /U <M 7/ u < x" and P is the forcing notion of adding x Cohen 
subsets to ii (that is P = {/ : / a partial function from x to 2, |Dom(/)| < /j} 
ordered by inclusion). Do we have in V p : A < A N ° & /U<A<x=^in (^f^+, <t) 
there is no universal member. 

Maybe continuing [Sh:e, Ch.III,§2] we can get consistency of the existence. 

3) Now if A = A N ° then in (.ft^ 1 , C) there is no universal member; see [Sh:e, 
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Ch.IV] , because amalgamation fails badly. Putting together there are few cardinals 
which are candidates for consistency of existence. In (2), if there is a regular 
A' E (n, A) with cov(A, A+, A+, A') < 2^ then contradict 1.2. 

4) Considering consistency of existence of universal in (2), it is natural to try to 
combine the independent results in [Sh:e, Ch.IV] and [DjSh 614]. 
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§2 The class of Groups 

We know ([ShUs 789]) that the class of groups has NSOP 4 and SOP 3 (from [Sh 
500, §2]). We shall prove two results on the place of the class of groups in the model 
theoretic classification. One says that it falls in "the complicated side" for some 
division: it has the oak property ([DjSh 710]). Well the case there was complete 
first order theories. Its meaning (and "no universal" consequences) are clear in a 
more general context, see below. Amenability is a condition on a theory (or class) 
which gives sufficient condition for existence of universals and in suitable models 
of set theory (see [DjSh 614]). We prove that the class of groups satisfies it; so for 
this division the class of groups falls in the non-complicated side. 

2.1 Claim. The class of groups has the oak property by some quantifier free for- 
mula. 

2.2 Definition. 

(1) A theory T is said to satisfy the oak property as exhibited by (or just by) 
a formula <p(x, y, z) iff for any A, k there are 6,7(77 E K A) and c v {y E K X and 
ciiii < k) such that 

(a) [77 E v, v E K X] implies cp[a, £g(r]),b v , c„] 

(b) if rj E K> \ and 77(a) E v\ E K X and rj{(3) E v 2 E K A, while a ^ (3 and 
i > ig(v), then ^3y[<^(a,, y, c nUl ) A y{a h y, c V2 )] 

and in addition ip satisfies 

(c) <p(x, yi,z) A <p(x, y 2 , z) implies y x = y 2 . 

(2) A theory T has the A-oak property if it is exhibited by some <p(x, y, z) E A. 

Proof. Let w(x,y) be complicated enough words, say of length k* = 100. 
For k, A let G = G\ )K be 

Version A : The groups generated by {xi : i < k} U {y v : r\ E K> \} U {z u : v E K A} 
freely except the set of equations 

T = {y v \i = w(z u , Xi) w E K A, i < k}. 

We have to show that 

(*) if v E K A,z < K,p E *A\{z/ \ i},G |= y p ^ w(z v ,Xi). 
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Now 

(*) each works y~^w(z v , Xi), i is cyclically reduced 

(**) for any two such words or cylical permutations of them which are not equal, 
any common segment has length < k*/6. 

Explanation and why this is enough see [LySc77]. 

Version B : V = {y v \i = [z v ,Xj\v G K \,% < k} is O.K. (and simpler). 
Why? Let G\ be the group generated by 

Y = {xi : % < k} U {z v : v G K p} 

freely except the set of equation 1?2 = {[2^,0^] = ([z v ,Xi])~ : i < k, v G K A,?? G 
K A}. So for i < k, p G *A we can choose y p G G\ such that r\ G K A, r\ \ i = p =>• and 
v \ % = rj I" z}, y p = [z^, Xj]. Clearly it suffices to prove 

in Gi/N if u, rj G *A & z < k then [[z„, Xi] = [z v , Xi] v \ i = r] \ i. 

The implication <= holds trivially. For the other direction let j < k and rj, v G K X 
be such that r\ \ j ^ v \ j and we shall prove that G \= y v \j ^ y v \j . 
Let N* be the normal subgroup of G\ generated by 

{xi-.iEK & i ^ j} U {z p : p G K A, p \ j i {r, \ j, v \ j}} 

UizpZ' 1 :pe K X,p \j = v\j} 
^{zpz' 1 :pe K \,p\j = v 

Clearly iV* includes N and Gi/N* is generated by {xi} U {z v ,z u } freely, hence 
Gi/N \= [z v ; Xi] ^ [z u , Xi] hence Gi \= y v \j ^ y v \j as required. D 2 .i 

2.3 Definition. Let A = cf(A) > K we define K ap = (if ap ,<K ap ) (see [Sh 457], 
[DjSh614]): 

(A) G G K ap iff: 

(a) G is a group 

(b) 6 g S$ => GnS is a subgroup of G (this implies < 5 < A + & 
\(S) ^GH5 

(c) e G = 

(B) Gi <ap G2 iff Gi C G2 (i.e., subgroup both in K ap ) 
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2.4 Claim. K ap is a X- approximation family. 



Proof. Main Point : Amalgamation. 

So we have Go C Gg for £ = 1,2 which are groups from K ap and without loss of generality Gifl 
Gi = Gq. Let 673 be the free amalgamation of G±, G2 over Gq so ([LySc77]] 

(*) so G £ C G (and still G 1 nG 2 = G ). 

For 5 E < 3 let G^ = G £ n S and let G 3)<5 = (G\ U G|)g 3 . 

We shall show that 

© Gg n G 3 ,s = Gg, s for £ < 3. 

This suffices as it implies that there is a one to one mapping h from G3 into A + 
such that S E k x E G 3:S =>- g(x) < 5 hence 5 < X + k X/5 k x E G 3jS =>• 
g(x) < 5. So h"(Gs,s) is a common upper bound. 

Proof of ®. Fix 5 and obviously G\j H 6^2,5 = Go, s- 

Let 2 E Gs^s\Gi t s\G2,s and we shall prove z G\ U 67 2 , by (*) this suffices so 
2 is a product of members of G\^ U 6^2,5 so by the rewriting process we can find 
n < u) and x k E G±,yk E Gi (for k < n) such that: 

(a) 2 = xoyoXyyx . . . x n y n in the group G 3 
(6) k> =>• x fc G G ljS \Go,s 

(c) k <n^y k E G 2 ,s\G ,s 

(d) x E Gi,s\G ,6 or x = e 

(e) y n G G 2 ,s\G ,s or y n = e. 

Toward contradiction assume z E G\ U G2, so z 6 (Gi\(ji )< j) U (G 2 \G 2j( 5) so by 
symmetry without loss of generality z E G\\G\j. If y n 7^ e, then by computations 
the word w; = £02/0 • • -XnynZ -1 is equal to e but it in canonical form ([LySc77]), 
this is a contradiction. 

If y n = e, x n z~ x Gq we get similar contradiction using the word xoyo . . . x n -i(x n z~ 1 ). 
So assume x n z~ x E Go, if n > 1 then use the word x§y§ . . . x n _i(y n _ 2 a: n 2 _1 ). We 
remain with the case n = 0,y n = e,x n z~ x E Go, but then z = xoyo = xq E G\j, 
contradiction. D 2 4 
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2.5 Claim. K ap is simple. 



Proof. So assume 



(*) 



a) d < Si 

» M St <K ap N Se ,N So CSi 

c) M Se <K ap M 

d) N Sl nN S2 =NC5 



e) h is a lawful isomorphism from N$ 1 onto N$ 2 which is the identity on N 



(g) h maps M§ 1 onto Mg 2 

We should find a common <K ap -upper bound to N$ t , N$ 2 , M. 

Now by the theory of HNN extensions there is a group Gi extending M and 
zeGi such that conjugating by z induce h \ Ms , G = (M, y)c and G\ is extending 
by z freely except the equations zxz~ x = h(x) for x G M$ . 

Let G = (M So ,z) Gl , easily 

© Gq is the free extension of M§ by z. 

Let Ho = {z)g -> H\ be the free product of iV and H and G2 be the free product 
of Hi, Ng over N. Let g be the identity map on Go, it is an embedding Go into 
Gi extending id_M s and mapping z to itself. 
So without loss of generality 

(*) G CGi,GinG 2 = 0. 

Let G3 be the free amalgamation of G±, G2 over Go and we define an embedding / 
of N Sl into G recalling Rang(/i _1 ) C N So C G 2 C G: 



So to G 3 the groups M, A^,5 , iV ( 5 1 are embedded with no identification. We still have 
to show as in the proof of 2.4 that no undesirable identification occurs, that is 

© if 5 G S* + , zi E ((N So U N Sl U M) n S) G ^z 2 G (N 5l U N &2 U M)\5 then 

G 3 h ^1 7^ ^2- 



/) iV 5 , n M = M 5l 



x G Ng 2 => f(x) = zih 1 (x))z 



-1 
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Case 1 : 8 < 8±. 

In this case, as (N 5o U N Sl U M) n 5 C (AT^ n 5) U (iV 5l n 5) U (M n 5) C i\T 5o n 5, 
clearly zi belongs to iv"^ fl 5; now if Z2 £ this is totally trivial and if 22 ^ 
iV^ ,Z26MU ATjj \<5i we follow the amalgamations. 

Case 2 : 5 > Sl 

Let ^ = 6, 5' G >S^ + be such that /i maps N$ fl <% onto A^5 1 fl S[. We can 
repeat the construction above for h' = h \ Ng fl 5' ,N' So = N$ (not N§ H S' \) 
N' Si = N 5l n S[,M' = M n S[,N' = N and on each stage show that we get a 
subgroup of the group we get in the original version. 

2.6 Conclusion. The class of groups is amenable (see [DjSh 710, Definition 0.1]). 
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§3 On the oak property 

We can in the "no universal" results in [DjSh 710] deal also with the case of 
singular cardinal. 

3.1 Claim. Assume 

(a) T is a complete first order theory with the oak property 

(b) (i) k = cf 0) < a < /I < A = cf (A) < Ai < A 2 

(ii) K<a<\ 1 ,\T\<\ 2 
(Hi) fi K > A 2 

(c) let C = (ft '■ 8 G S), Cs C 5, otp(ft) = £*, S C A stationary, J =: {A C A; 
/or some c/w6 i? o/ 6 STlA 4 ft ^ E 1 }, A ^ J and a < A =>- A > 
|{ft fl a : a G nacc(ft), 5 G S}\ 

(d) Vj(X 1 ) < A 2 

(e) for some we have 

(i) ^ClA^^Cfaf 

(ii) i/ o : cr — > Ai is one to one then for some X G 0?2, we have {g(i) '■ i G 

A'j c .y ; 

(iii) |^i|<A 2 ,Ai 

(iv) |^ 2 |<Ai. 

T/ien univ(Ai,T) > A 2 . 
Recall 

3.2 Definition. 1) For N = (AT 7 : 7 < A) an elementary-increasing continuous 
sequence of models of T of size < A and for a, c G N\ = AT 7 and 5 E S, we let 

invjv(c, ft, a) = {C < \i : (36 G N a(sx+1) \ N a{s , C ))N x |= <p[a, 6, c])}. 

2) For a set A and 5, A" as above, let inv^.(c, ft) = U{invjv(c, ft, a) : a G A}. 

Proo/. 

Step A : Assume toward contradiction =: univ(Ai,T) < A 2 , so let (N* : j < 9) 
exemplifies this and 9\ = 6 + Ai + |T| + ^j(Ai). 
Without loss of generality the universe of AT* is Ai. 
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Step B : By the definition of Uj(Ai) there is srf such that: 

(a) st C [Ai] A 

(b) \*/\ < Uj(Ai) 

(c) if / : A — > Ai then for some AG^we have {5 G 5 : /(<5) GvlJ^f) mod J. 

For each X G < and A e ^ let M^x,A be an elementary submodel of AT* 

of cardinality A which includes XUiC Ai, and let M^x,A = (Mj t x,A,e : £ < A) be 
a filtration of Mj iX ,A- 
Lastly, consider 



SS = {inv£. x a (a,C 5 ):j < 0,X e e &?,6 e S and a G M,-, X>A }. 

Step C : Easily we have |^| < 6>i < A 2 , hence there is B* G [//]"\^. Now let M* 
be a A + -saturated model of T, in which a^, 6,7(77 G K> (A2)), Cj, (z/ G K (A2)),<£> are 
as in the definition of the oak property and for each Y G choose (AV >£ '■ £ < 
A), (cy,e,s : 5 G 5") as in 3.2. 

Let N-< M*, \\N\\ = Ai such that {a { : i < a} U \J{N y>e : y G &> 2 , £ < A} C N. 

Step D : By our choice of (N* : j < a), there is < 9 and elementary embedding 
/ : N — > AT*. By an assumption there are 7G^i such that {/(a^) : i G Y} = X E 
Also by the choice of st there is A G <fi/ such that {5 G 5 : f(a Y ,s) G A} 7^ 
mod D. 

Now we can finish (note that we use here again the last clause in the definition 
of the oak property). 

3.3 Definition. 1) The formula ip(x,y,z) has the oak' property in T (the first 
order complete theory) if: omitting clause (c) in [DjSh 710, 1.8]. 

2) T has the oak property if some (p(x, y, z) has it m + . 

3.4 Claim. Assume 

(a) T has the oak property, \T\ < A 

(b) C = (Cg : S G S),J are as in (c) of 3.1. 

Then for each B* G [/u] K , T has a model N* of cardinal A and (ai : i < k) as in 
[DjSh 710, 1.8], satisfying 
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© if N is a model of T of cardinal X with filtration N = (N a : a < A) and f 
is an elementary embedding of N* into N then 

{5 G S : for some a G N* we have 

B* = inv^ /(ai):i<K} (C 5 ,a)} = S mod J. 



Proof. As usual, there is N* \= T with filtration N* = (N* : i < A) and I C K> X 
of cardinality A, (b^ : r\ G 2T) and 1/5 G K (C<5) fl lim K (T) for 5 G 5 and (c^ : 5 e S) 
such that 

(a) (dj : i < k) , (b v : rj G ^), (C„ 4 : 5 E S) are as in the Definition 3.3 
(6) (z/*(i) n C s ) = (the i-th member of B*) + 1. 

So let A/", ( iV e : e < A) , / be as in the claim. Without loss of generality the universes 
of N* and N are x. 
Let 

E* = {5 < X : 5 limit, /"(<*) = 5, |iV 5 | = 5 = |iV 5 *| and (AT|, iV|, /) -< (N*, N*, /)} 
it is a club of A. For each i < k let 

= {a :for some 6 G S 1 , a G C E 1 , 1/5 (i) > a, 
but <p(f(ai),y,f(c Vs )) is satisfied (in AT) 
by some b G iV Q } 

© Wi is not stationary 

[Why? Let 03 -< (J^(A+), G, <*) be such that N, A>, (a e : e < «), (6^ : 7/ G 
(c„ 5 : 8 e S) belong and *8 fl A = en G Wj and assume 6 G 23 fl a, iV |= 
(p(f(ai),b,f(c„ s )). So there is 5' G S H 5 such that N |= <p[/(ai), 6, /(c„ 4 ). 
But z/^(z) > a > ^5/ {%) hence (p{ai,y,c Vs ),(p{ai,y,c V5 ,) are incompatible 
(in N*) hence their images by / are incompatible in N by b satisfies both 
contradictions, so Wi is not stationary.] 

So there is a club E* of A included in E K and disjoint to Wi for each i < k. So 
there is 5* G S such that Cs Q E* and we get contradiction as usual. 



Question : Can we combine 3.1, 3.4? 
(For many singular A 2 's, certainly yes). 
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